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Abstract. Let R = ® n>0 R n , a 2 0„>o Rn an d M and N be a standard graded ring, an 
ideal of R and two finitely generated graded i?-modules, respectively. This paper studies the 
homogeneous components of graded generalized local cohomology modules. First of all, we 
show that for all i > 0, H^(M, N) n , the n-th graded component of the i-th generalized local 
cohomology module of M and N with respect to a, vanishes for all n ^> 0. Furthermore, 
some sufficient conditions are proposed to satisfy the equality sup{end(if*(M, N))\i — 0} = 
sup{end(.ffj^(M,jV))|i > 0}. 

Some sufficient conditions are also proposed for tameness of (M, N) such that i = 
fa + (M,N) or i = cd a (M,N), where fa + (M,N) and cd (M,N) denote the i?+-finiteness 
dimension and the cohomological dimension of M and N with respect to a, respectively. 
We finally consider the Artinian property of some submodules and quotient modules of 
H„(M, N), where j is the first or last non-minimax level of H l a (M,N), 



1. INTRODUCTION 

Assume that R is a commutative Noetherian ring with identity and all modules are unitary. 
Let a, C(-R) an d No (N) be an ideal of R, the category of all R- modules and i?-homomorphisms 
and the set of non-negative (positive) integers, respectively. 

For i G No, the i-th generalized local cohomology functor with respect to a is a generaliza- 
tion of the i-th local cohomology functor with respect to o, i.e. H l a {— ) = limExt^.(-R/a ra , — ) 

([?]). It is defined, by Herzog (|14J), as follows: 



H*(-, -) : ((R) x C(J2) ((R) 
Hl(M,N) = hm Ext^(M/a n M, N). 

neN 

For all i?-modules M and N, H^(M, N) is called the i-th generalized local cohomology 
module of M and N with respect to a. These functors coincide when M = R and have 
been studied by many authors (see for instance [18], [21]- [27]). One of the most interesting 
problems concerning these modules is their vanishing problem. Although, H^(N) = for 
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sufficiently large values of i (|7, 3.3.1]), H^(M, N) can be non-zero for all «GN. However, it 
can be proved that H l a (M, N) = for alH ^> in some cases. Such as when M and N are 
finitely generated and pd R (M) < oo, where pd R (M) denote the projective dimension of M 
([25]). 

Now assume R = © ngNo R n is a standard graded ring, o is a homogeneous ideal of R and 
M and N are graded R- modules. It is wellknown that i?*(M, N) caries a natural grading. 
Furthermore, assume that R + = ® ngN -R n denote the irrelevant ideal of R, M and iV are 
finitely generated and Z denotes the set of integers. Then it is shown in [18J that the n-th 
graded component of H R (M,N), i.e. H R (M,N) n , is a finitely generated i? - m °dule for 
all n G Z and it vanishes for all n>0. Also, in [27], it is proved that when (Rq, mo) is local 
and pd H (M) < oo then H R+ (M, N) = for all % > pd R {M) + dim(iV/moiV) =: c and that 
H R (M, N) is tame. It is a generalization of the obtained result in [3], 4.8(e)]. The tameness 
of H~i(M, N) is related to the case that H l a (M, N) n = for all n < or h{(M, N) n ^ for 
all n < 0. 

Actually, there are lots of interest in the study of tameness property of these modules. 
Although, Chardin et al. in [9] showed the tameness of these modules is not true in a 
general case, it holds in some cases (see [3]). Therefore, finding other sufficient conditions 
for tameness of these modules is motivated. In this paper, some sufficient conditions are 
proposed for the tameness of these modules. The stability of the set of their associated 
prime ideals Ass# (if*(M, N) n ), when n —> — oo, is then studies. By a modification of 
Singh's example ([6]), these sets might be non stable when n — > — oo, but in some cases it 
holds. The cases consist in a = R + and (R , m ) is local of dimension < 1 or i < f R+ (M, N), 
where f R+ (M, N) denotes the first integer j such that H R+ (M, N) is not finitely generated 
(seed). 

Let do and a := do + R+, respectively, be an ideal of R® and an ideal of R which contains 
the irrelevant ideal. Also, let M and N be two finitely generated graded -R-modules. The 
structure of this paper is organized as follows: 

In Section 2, we first study some general properties of the components of H\(M,N). In 
particular, we show that H l a (M, N) n = for all n ^ and they are finitely generated in 
some cases (12. 3p . We will then show a nice property of these modules. The property states 
that when (i? ,m ) is local and pd R (M) < oo, then 

sup{end(flj(M,JV))|i e N } = sup{end(H R+ (M, N))\i 6 N }, 

in the case where do is principal or R is Cohen-Macaulay (12.91 and 12. 4p . 
In Section 3, we give an upper bound for 

cd (M,AT) := sup{i G N \Hi(M,N) ^ 0}, 

when pd R (M) < oo. More precisely, we show that in this case 

cd a (M, N) < pd R (M) + max{cd a (Ext^(M, N))\i G N } := c, 
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where for any .R-module X, cd a (X) := sup{i G N \H l a (X) ^ 0} (Q, and that H c a (M,N) is 
tame in some cases (13.41) . 

We will also show that for each i < f^ + (M, N) there exists a finite subset X of Spec(i?o) 
such that Ass^ {H\{M, N) n ) = X for all n < 0, where 

f? + (M,N) := inf{* G N \R + <£ 0) : R Hi(M,N)}, 

is the -R+-finiteness dimension of M and A?" with respect to a (I3.13p . It implies that if*(M, N) 
is tame for all i < f« + (M, N). 

In the last Section, we study the tameness and Artinianness of H l a {M, N) in the first and 
last non-minimax levels. 

Throughout the paper, R = © nGNo R n is a standard graded Noetherian ring, R + = 
neN R n is the irrelevant ideal of R, do is an ideal of Rq and a := do + R+. Also, M and N 
are two finitely generated graded -R-modules. 

2. On the behavior of H l a (M, N) n for n > 

It is wellknown that H l a {M, N) is a graded i?- module and H l R (M, A r ) n is a finitely gener- 
ated i?o-module for all n G Z and it vanishes for all n 3> (see [HI 3.2]). 

In this section we are going to study some general properties of graded components of 
generalized local cohomology module i?*(M, N) with respect to an ideal a containing the 
irrelevant ideal. 

Remark 2.1. (i) Let L and K be two graded R-modules, b be a homogenous ideal of R and 
x a homogenous element of R. Then, in view of [TTj 3.1], there exists a long exact sequence 

► Hl +xR (L, K) — ► Him K) — ► Hi(L, K) x — > Hlf xR {L, K) > ■ ■ ■ 

of graded R-modules. 

(ii) A sequence X\, ...,x t of homogeneous elements of R + is said to be a homogeneous a-filter 
regular sequence on M if for alii = 1, ...,t, ^ p for allp G Ass#(M/(xi, x i _i)M)\V A (a), 
where V(a) is the set of prime ideals of R containing a. It is straightforward to see that if 
Supp R (M / R + M) V(a), then all maximal homogeneous a-filter regular sequences on M 
in R + have the same length. We denote, in this case, the common length of all maximal 
homogeneous a-filter regular sequences on M in R + by f — grade(o, R + , M). Also, we set 
f - grade(a, R+, M) = oo whenever Supp R (M/R + M) C 7(a). 

(Hi) Let X and Y be two R-modules and Ey be an injective resolution of Y . Then, in 
view of [21], one has 

Hl(X,Y) S H\r a (Eom R (X,E' Y ))) = H\Rom R (X,T a (E Y ))). 

Therefore, ifY is an a-torsion R-module then, using [7J 2.1.6], H l a (X,Y) = Ext R (X,Y) . 

(iv) If — > X — > Y — > Z — > is an exact sequence of graded R-modules and R- 
homomorphisms, then for any graded R-module K there are long exact sequences of graded 
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generalized local cohomology modules 

•■■->■ W a (K, X) -> Hl(K, Y) -> Z) -> flj+ 1 ( J FC, X) -> ■ ■ ■ 

and 

• • ■ -> x) -> flj(y, x) -> x) -> —>•-•• . 

Definition and Remark 2.2. Lei (i?o,mo) be local and b be a homogenous ideal of R. 
Define 

g b (M,N):=M{ieN \yj < i, lengthy (H J b (M, N) n ) < oo Vn < 0}, 

as the cohomological finite length dimension of M and N with respect to a. 

If a o Q bo Q m o be two ideals of Rq, then using IKW i). it is straightforward to see that 
g ao+R+ (M,N) <g b0+R+ (M,N). 

In the following theorem we study vanishing and Noetherian property of graded compo- 
nents of H l a (M, N). To this end, we use the concept of the end and beginning (beg(X)) of a 
graded .R-module X = © ngZ X n , which are defined by 

end(X) := sup{n G Z\X n ^ 0} and beg(X) := inf{n G Z\X n ^ 0}. 

(Note that end(X) could be oo, and that the supremum of the empty set of integers is to be 
taken as — oo; similar comments apply to beg(X).) 

Theorem 2.3. The following statements hold. 

(i) For all i G N , H l a (M, N) n = for all n > sup{end(i^W)|j G N } - beg(M); 

(it) let pd i? (M) < oo. Then H l a (M, N) n is a finitely generated graded R -module for all 

n£Z and all i < f — grade(a, R + , N); 

(Hi) let (Ro,mo) be local. Then H l a {M ) N) n is a finitely generated R^-module for all n ^ 
and all i < g R+ (M, N) . 

Proof, (i) Let i G N . Then, using [231 2.4], we have 

end(flj(M, JV)) = end(H\Rom R (M,T a (*E R (N))))) 

< sup{end(Hom fl (M,r tt (*£&(iV))))|j G N } 

< sup{end(r a (*4(iV)))|j G N } - beg(M) 

= sup{t G Z|3p G V(a),* E R (R/p)(-t) <* E j R (N) for some j G N } - beg(M) 
= swp{end(Hi(N))\j G N } - beg(M), 

where, for each j G No, *E R (N) denote the j-th term in a minimal graded injective 
resolution *E R (N) of N. 

(ii) One can prove the claim using induction on pd^(M) and I2.1( iv) in conjunction with 

[izi i-n- 
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(iii) Assume that Oo = (xi, ■ • ■ ,x n ) C mo. We use induction on n. Let n — 1 and 
i < 9r+(M, N). Since H^(M, N) n is of finite length and x x G m , so (H^(M, N) n ) Xl = 
for all n < 0. Now, in this case the result follows using the exact sequence 

(W R+ \M, N) n ) x — ► Hl(M, N) n — ► H R+ (M, N) n 

and [HI 3.2]. For the case n > 0, one can use the same argument as used in the case n — 1 
in conjunction with 12.21 □ 

The above theorem shows that H^(M, N) n = for sufficiently large values of n. But, 
according to [17, 1.3], these modules can be non-Noetherian in general. 

In [231 3.2], [151 2.3] and [T71 1.6] it is shown that in the case where (R , m ) is a local ring 
and do C m , we have 

sup{end(^ + (iV))|z > 0} = sup{end« +ii+ (iV))|i > 0}. 

Now, it is natural to ask if 

sup{end(^ + (M, N))\i > 0} = sup{end(#*(M, N))\i > 0}. 

(Note that if pd^(M) < oo then, in view of Hi) and [251 2.5], 

sup{end« +B+ (M,iV))|i>0}<oo.) 

In the rest of this section we are going to answer to this question in some special cases. To 
do this, it will be convenient to have available a notation. Define 

a*(M, N) := sup{end(^(M, N))\i > 0}. 

In the rest of this section, we assume that (R ,vao) is a local ring and a C m . We use 
m := mo + R+ to denote the unique graded maximal ideal of R. 

Lemma 2.4. Let a = xR C m be a principal ideal. Then a*(M, N) = a* R+ (M, N). 

Proof. In view of I2.1( i). for all n £ Z there exists a long exact sequence 

• • • -> (H R - + \M, N) n ) x H'a(M, N) n H R+ (M, N) n (H R+ (M, N) n ) x ^ +1 (M, N) n 

of generalized local cohomology modules. As (i?o,mo) is local and H R (M, N) n is a finitely 
generated i?o-module for all n G Z, the above exact sequence implies that for all % G No, 
H R+ (M, N) n = if and only if H l a (M, N) n = for all % G N , where n G Z. This proves the 
claim. □ 

Theorem 2.5. Assume that for all i G No, all ideal bo C ao of Rq and all n G Z, 
H t6N <Hi o + R+ (M,N) n = 0. Then, a* a (M,N) = a* R+ (M,N). 

Proof. Let do = (xi, • ■ ■ , x n )Ro. Then the result follows by similar argument as used in 12.41 
in conjunction with induction on n. □ 

Corollary 2.6. Let Hl o+R+ (M, N) n be finitely generated for all i G No, n G Z and ideal 
b C a o/Rq. Then a* a (M, + N) = a* R (M, N) . 
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Remark 2.7. Let bo be a second ideal of Rq such that do C bo- Then, using the ex- 
act sequence \2J](i) one can see that a* bo+R+ (M,N) < a* aQ+R+ (M , N) . So, a* m (M,N) < 
a '* ao +R+( M , N ) < a *R + ( M , N )- Hence, a* a (M,N) = a R+ (M,N), for all proper homogeneous 
ideal a D R + , if and only if a* m (M, N) > a* R+ (M, N). 

We now remind a duality theorem of generalized local cohomology modules. It is needed 
to prove the last theorem of this section. 

Theorem 2.8. Let R be Cohen- Macaulay with dim(R) = d which posses a canonical mod- 
ule u R and let *E R (R/m) be the graded infective envelope of R/xn. Also, assume that the 
projective dimension of M or N is finite. Then, there exist homogeneous isomorphisms 

H d m \M,N) =* Hom^Ext^iV,^ ® R M)* E R (R/xn)), 

for all i G N . 

Proof. See [U 3.8(h)]. □ 

Theorem 2.9. Let R be Cohen- Macaulay with dim(i?) = d and assume that the projective 
dimension of M or N is finite. Then, a*(M, N) = a* R+ (M, N). 

Proof. Using [2T71 h is enough to show that a* m (M,N) > a* R+ (M,N). Let Rq denote the 
rrio-adic completion of Rq. Then, in view of the flat base change property of generalized 
local cohomology modules ([TBI 4(h)]), for all i G No we have an isomorphism of graded 
modules H^(M, N) ® Ro R = H l m ,(M ® Ro R , N <8> flo R ), where m' is the image of m under 
the faithful flat homomorphism R — > R £g>i? i?o- Therefore, for all i 6 No and all n G Z, 
Hi(M, N) n = if and only if Hi,(M^ Ro Ro, N® Ro R~ ) n = 0. So, replacing R with R^^Ro, 
we may assume that R is a homomorphic image of a Gornestein ring. Which implies that it 
admits a canonical module u R . 

Set s := a^(M, N). In view of !2.8l and [7J 13.4. 5(i), (iv)], there exist following isomorphisms 

H* n (M, N) n Rom R (Ext d R \N, u R ® R M)* E R (R/m)) n 

= Hom^Ext^iV, uj r ® R M)_ n , E ), 

where E = E Ro (Rq/vcio). So, we have 

Ext^iV, u R (g) R M)^ n = for all % G N and all n > s. (1) 

Now, let po ^ Spec(i?o), again using [2781 and the fact that R Po admits a canonical module 
and that u Rpo = (wr) Po ([B1 3.3.5]), we conclude 

H; oRpo+(Rpo)+ (M Po ,N Po ) n - Hom^^Ext^ ^^-^^,^ ® R , o M Po ), E Ro (R /p ) Po ) n 

= (Rom Ro (Extf Vo+R+) - l (N,u R ® R M)_ n , E Ro (R /p )) Po . 

So, in view of (1), 
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H ioRp Q +{Rp ) + ( M Po,N Po ) n = for all % G N and all n > s. (2) 

Next, we use induction on dim(_R ) to prove that H R+ (M, N) n = for all n > a^(M,N) 
and all i e No. In the case where dim(i? ) = 0, we have 

H l R+ (M,N) n S H l m+R+ (M,N) n = for all % G N and all n><(M,iV). 

Now, let dim(i?o) > and p G Spec(-R )\{ m o}- Then, using (2) and inductive hypothesis, 
it is concluded that (H R+ (M, N) n ) Po = Hfa )+ (M Po , N Po ) n = for all i G N and all n > s. 

Therefore Supp^f/l (M, N) n ) C {m }, which implies that H R (M, N) n has finite length 
for all i G No and all n > s. Now, the convergence of spectral sequences 

(Eff) n = H^ o (H R+ (M,N) n ) =f H^(M,N) n 

( [211 11.38]), in conjunction with the fact that H l mo (H R+ (M, N) n ) = for all n > s, all 
j G N and all i > 0, shows that H R+ (M, N) n = H^{M, N) n = for all i G N and all n > s. 
Hence, <(M, N) > a* R+ (M, N), as desired. □ 

3. TAMENESS at finiteness dimension and almost top levels 

As we have seen in 12. 3[ H\(M, N) n = for all n 3> and all i G No- In this section we 
are going to study the asymptotic behavior of H l a (M, N) n when n — > — oo. In particular, 
we will show that if *(M, N) is Tame (in the sense that H\(M, N) n = for all n <C or 
Hl(M, N) n 7^ for all n <C 0) in the first and last " nontrivial case" . 

In [21 2.3], it is shown that whenever (R , mo) is local and cdn + (N) > 0, H R * +<y (N) n ^ 
for all n < 0. As a generalization of this fact, we show that when pd R (M) < oo, H^(M, N) = 
for all i > pd R (M) + max{cd (Ext^(M, N)) \ i G N } =: c and that H c a (M, N) = for all 
n < or, in a special case, H°(M, N) n ^ for all n <C 0. To this end we need to provide 
some lemmas. 

Lemma 3.1. Let E be an injective R-module. Then, if*(Hom#(M, E)) = for alii G N. 

Proof. Note that if P. M is a free resolution of M, then Hom#(P. M , E) is an injective resolution 
of Hohir(M, E). Now, the assertion follows from the following isomorphisms 

Hi(Eom R (M,E)) * H\Rom R (P. M , T a (E))) S Ext^M, T a (E)), 

in conjunction with the fact that T a (E) is an injective i?-module. □ 

Lemma 3.2. Let p := pd R (M) < oo and c : = max{cd a (Ext^(M, JV))|0 < i < p}. Then the 
following statements hold: 

(i) H l a (M, N) = for all i > p + c; 

(ii) HP+ C (M,N) tf c (Ext£(M, iV))/ 

(iii) cd a (M, N) = p + c if and only if c = cd a (Ext^(M, N)). 
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Proof. Using [21] 11.38] and I3.1[ there exists a Grothendieck's spectral sequence 

E? = Hl(Ext j R (M,N)) => H^(M,N). 

i 

Since E^ 3 = for i > c or j > p, we have H l a (M, N) = for all i > p + c and that 

H? +C (M, N) = EH = E c / = H<(Ext p R (M, N)). 

Therefore, cd (M, N) = p + c if and only if c = cd a (Ext^(M, N)). □ 

Definition 3.3. Let b be an ideal of R. Then M is said to be relative Cohen-Macaulay with 
respect to b if cdf>(M) = grade(b, M).(see [16] ) 

In [27] it is shown that H R+ (M, N) = for all i > cd R+ (N) + pd R (M) and that 

r cd fl , (N)+pd R (M) 



H R + (M, N) is tame. In the next theorem, using the notations in 13.21 we are 

going to study whether H^ +P (M, N) is tame or not. 

Theorem 3.4. Let the situations be as in \3.S[ Then one of the followings holds: 

(i) H c +p(M,N) = 0; 

(ii) H c a +P (M, N) n = for all n < 0; 

(Hi) ifExt p R (M, N) is relative Cohen-Macaulay with respect to R + with cdij + (Ext^,(M, N)) > 
then HZ+p(M, N) n ^ for all n < 0. 

Proof. For simplicity set X := Ext p R (M, N). Using Q if cd n (X) < c then H^ + p(M, N) = 0. 
So, let cd (X) = c. Now, if d := cd R+ (X) = then using the Noetherian property of X, 
we have H^ + p(M, N) n ^ H c a (X) n ^ H^(X n ) = for all i and all n < 0. So, let d > and 
assume, in addition, that X is relative Cohen-Macaulay with respect to R+. Therefore, in 
view of the convergence of spectral sequences 

E^ = K oR {H R+ {X))^H^{X) 

and the fact that E^ 3 = for all i 6 No and all j ^ d, we have the following isomorphism 
of graded modules 

Hl oR (H R \(X)) ^ Hl +C ' (X) for all N . (1) 

Replacing Rq with its faithfull flat extension i? [X] mo [x], we may assume that the residue field 
Ro/mo is infinite. This in conjunction with [31 2.3(a)] and [8j 1.5.12] implies that 3x e Ri 
such that it is a non-zerodivisor on X and that cd(R + ,X/xX) = cd R+ (X) — 1 = d — 1. So, 
there exist exact sequences 

H^\X/xX) n A Hi + {X) n ^ H c R+ (X) n — > (2) 
for all fiGZ. On the other hand, 

c = cd a (X) > grade(a,X) > grade(i?+,X) = cd R+ (X) = d. 

So, using (1), H c a ;£(H c R+ (X)) = H c a (X) ^ 0, which implies that cd^ff^pf)) = c-d. 
Hence, in view of [I3J 2.2] and the fact that Supp Ro (im(/ n )) C Supp Ro (if^, + (X) n _ 1 ), we have 

cd ao (im(/ n )) < cd ao (^' + (X)„_ 1 ) < cd aoR (H c R+ (X)) = c-d. 
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So, using (2), we get the following exact sequence 

K; C \H c R M)n-i) — ► H c ^{Hi + {X) n ) — ► 0. (3) 

Since cd ao n(H R+ (X)) = c — d , hence 3n £ Z such that H£~ c (H R (X) no ) ^ 0. This, in 
conjunction with I3.2( ii). (1) and (3) implies that 

H^(M,N) n - Hl{X) n - H^\Hi + {X) n ) ± 

for all n < hq. □ 

The following corollary implies a tameness property of the ordinary local cohomology 
modules at the top level. It is directly concluded by I3.4( iii). 

Corollary 3.5. IfT R+ (N) ^ N and N is relative Cohen-Macaulay with respect to R + , then 
Hf a{N) {N) n for all n < 0. 

Definitions 3.6. (%) Following [20], we call a graded R-module X to be finitely graded, if 
X n = for all but finitely many n 6 Z, where X n denotes the n-th graded piece of X. 

Also, we set 

v a (M, N) := sup{fc e N | Hl(M, N) is finitely graded for all i < k}. 
(ii) The R + finiteness dimension of M and N with respect to a, is defined to be 



f* + (M, N) := sup{k E N | R+ C ^0 : R H l a (M, N) for all i < k}. 

In the rest of this section we are going to show that v a (M, N) = f^ + (M, N), in the case 
where pd R (M) < oo. Then, as a consequence, we can prove that there exists a finite subset 

X of Spec( J R ) such that Ass Ro (Hl a+(M ' N) (M, N) n ) = X for all n < 0, which generalize [13 
3.4]. 

To this end, we need to remind some results from 120 1. 



Lemma 3.7. Let X be a finitely graded R-module. Then R + C a/0 \r X . Furthermore, if 
X is finitely generated, then the converse is true. 

Proof. See [201 2.1]. □ 

Lemma 3.8. Let X be a finitely graded R-module. Then H\(X} is finitely graded for all 
j G No and all homogenous ideal b of R. 

Proof. See [201 2.2]. □ 

The following lemma is a generalization of the above one. We need it to prove next 
theorem. 



Lemma 3.9. Let p := pd R (M) < oo and R + C y/0 : R N. Then H l a (M, N) is finitely graded 
for all i G N . 
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Proof. Let i G No- We use induction on p := pd R (M) to prove the claim. First, suppose 
p = 0. Then there exist a positive integer n and a finitely generated graded i?-module M' such 
that M®M' = R n . Thus H l a (M, N) ffi H^M', N) ^ H l a (R n ,N) = (H l a (R,N)) n = (Hi(N)) n . 
Therefore, in the case p — 0, the result follows from 13.71 and 13.81 Now, let p > and 
assume that the result has been proved for every finitely generated graded .R-module M' 
with finite projective dimension p — 1. So that, there exist a positive integer n, a finitely 
generated graded i?-module M' with projective dimension p — 1 and a short exact sequence 
— >■ M' — >• i? n — >■ M — >■ 0. It yields to the exact sequence H l -\M',N) ->- H l a (M,N) ->• 
H l a (R n ,N) = (H l a (N)) n . Now, the inductive hypothesis together with 13.71 and 13.81 completes 
the proof. □ 

Theorem 3.10. Lei pd R (M) < oo. TTaen v a {M,N) = f* + (M,N). 

Proof. By EZl i>„(Af,JV) < f* + (M,N). To prove u (M,JV) > fa + (M,N), we make some 
reductions. First, using previous lemma and the inequality v a (M, N) < f^ + (M, N), we may 
assume that R + ^ y/0 : R N. 

Let x G R+\ UpeAss fl (Ar)\ Var(ii + ) P- Then, in view of 13.71 it is straightforward to see that 
there exists m G N such that :m x m = T( X )(M) = T R+ (M) is finitely graded. Now, using 
the exact sequence 0— > : N x m — > N — > N/0 : N x m — > 0, 12.1l( iv) and 13. 9[ we deduce that 
v a {M,N) = v a (M,N/0 : N x m ) and f* + (M,N) = f* + (M,N/0 : N x m ). Thus, replacing N 
with iV/0 :n x m , we may assume that x is non-zerodivisor on N. Also, by definition of 
fa + (M,N), there exists an integer I > 1 such that x l H l a (M,N) = for all i < fa + (M,N). 
So, replacing x with x l , we may also assume that xH^(M, N) = for all i < f^ + (M, N). 

Now, to prove v a {M, N) > f^ + (M, N), we show, by induction on k, that < k < v a (M, N) 
whenever < k < f^ + (M, N). To do this, let t = deg(x). Then the exact sequence 
-> A- N(t) ->■ (N/xN)(t) -»■ 0, in conjunction with l2~ll iv). yields the long exact 
sequence 

H l a (M,N)(t) -»■ H l a (M,N/xN)(t) H l a +1 (M,N) 4 H l a +1 (M,N)(t) 

for all z > 0. This gives (k-1 <)/«f + (M, N)-l < f* + (M, N/xN). By inductive hypothesis, 
k - 1 < v a (M, N/xN); so, by definition of v a (M, N/xN), H^~ 2 (M, N/xN) is finitely graded. 
Hence, — >■ H^~ 1 (M, N) n A- H^ 1 (M, N) n+t is injective for all but finitely many integers 
n. Therefore, the assumption xH^ 1 {M,N) = shows that H^" 1 {M,N) is finitely graded. 
This leads us the inequality k < v a (M, N). □ 

The following lemma, which is used to prove next theorem, can be proved with similar 
argument as used in [T7J 3.3] in conjunction with [TH 3.2]. 

Lemma 3.11. Let i G No andn G Z be such that, for all j < i, Hl(M, N) n is a finitely gen- 
erated Ro-module for all n < n . Then, for all n < n and any finitely generated submodule 
L ofH l a (M,N) n , the set Ass Ro {H l a (M, N) n /L) is finite. 
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Remark 3.12. Note that, in view of pQ 2.2(iv)] and [3, 9.1.8], 

f a R +(M,N) > f a R +(N) > f*+(N) = f R+ (N). 

Also, when pd R (M) < oo, usina \TT(k one has f R+ (M,N) < g a (M,N). 

In view of the above remark, next theorems recover [XT] 3.4 and 3.6] and [5] 5.6]. 

Theorem 3.13. Let (R , m ) be local and pd R (M) < oo. Then for all i < f R+ (M, N) there 
exists a nonempty finite subset X of Spec(i?o) such that Ass Ro (if*(M, N) n ) = X for all 
n < 0. 

Proof. For i < f R+ (M,N), the result is clear using I3TTU1 And when i = f R+ (M,N), using 
13.91 and previous lemma, one can prove the claim by employing the method of proof which 
used in [HI 3.4]. □ 

Lemma 3.14. Let (i2o,mo) be local. Then for all i < g a (M,N), T moR (H l a (M, N)) is tame. 

Proof. One can use, [26] 2.2] and the argument used in [T7] 3.5] to prove the claim. □ 

Theorem 3.15. Let the situation be as in \3.13l Then for all i < g a (M,N) there exists a 
nonempty finite subset X of Spec(i?o) such that Ass Ro (Hl(M, N) n ) = X for all n ^0 

Proof. The claim can be proved with a slight modification of [TTl 3. 6]. □ 

In the rest of this section, we are going to study H l a (M, N) in the case where R + is 
principal. 

Theorem 3.16. Let (Ro,mo) be local and y e R\. Then for any ideal do C mo and all 

i < 9 yR (M, N), 3n E Z such that H l yR+ao (M, N) m S H l yR+ao (M, N) n for all n<n . 

Proof. Let ao = (x\, ■ ■ ■ ,x t ). We use induction on t. Using l24T iii). 3n Q e Z such that 
H l yR (M,T yR (N)) n ^ Bid R (M,T yR {N)) n = for all n < n . So the exact sequence — > 
r yR (N) — > N — > N/T yR (N) — >■ implies that H yR (M, N) n = H yR (M, N/T yR (N)) n for 
all n < n Q . Therefore, we can assume that y is a non-zero divisor on N . Now, in view of 
I2.1( iii) and the exact sequence 

h; r \m, N/yN) n — > h; r (m, iv) n _! h; r (m, N) n — ► h; r (m, N/ V N) ni 

for all i e N there exists n 6 Z such that fl} fl (M, N) no = H l yR (M, N) n for all n < n . This 
proves the claim in the case t = 0. 

Now let t > 0, i < g yR (M, N) and assume that the result has been proved for smaller values 
oft. UsingESl i-K g yR+{xi ,.., Xt _ l) (M } N). Therefore (^^....^(M, N) n ) xt = for 
all n < 0. Also, in view of inductive hypothesis 3uq £ Z such that H yR+ ^ ^^(Af, -^0«o ~ 
HyR+(xi ■■■ x t -i)(^' -^0« ^ or a ^ ra — n o- Therefore, using l24T i). one can see that there exists 
a completed commutative diagram with exact rows 



12 



M. JAHANGIRI, N. SHIRMOHAMMADI, AND SH. TAHAMTAN 



— ► ^ +ao (M,iV) n — ► Hi RHxu ... tXt _ l) (M,N) n — ► (•^jj + ( xl| ..., Xt _ 1 )(M, iV) n ) 

— ► Hy R+a(j (M, N) no — ► ^fl+( a;ij ... i a; t _ 1 )(M, iV) no — ► (if^,..,^) (M, iV) 



n Jx t 



such that the last two vertical homomorphisms are isomorphism. Now, five lemma implies 
that Hy R+ao (M, N) n = Hy R+aa (M, N) no for all n < n and the result follows by induction. 

□ 

Corollary 3.17. Let (i?0) m o) ^ e local, R + be principal and pd R (M) < oo. Then for any 
i < g R+ (M, N) and ideal do C mo of Rq, there are only a finite number of non-isomorph 
graded components of H l ao+R+ (M, N) . 

Proof. In view of [251 2.5], Hl o+R+ (M, N) = for i >0. Now, the result follows from the 
previous Theorem and I2.3( i). □ 

4. Tameness and Artinianness at non-minimax levels 

In this section we are going to study tameness and Artinian property of some submodules 
and quotient modules of H l a (M, N) at non-minimax levels. 

In the rest of the paper, (R ,mo) is a local ring and bo will denote an ideal of Ro such 
that y/a + b = m . 

Definition 4.1. A graded R-module X is said to be *minimax, if it has a finitely generated 
graded submodule Y , such that X/Y is an Artinian R-module. 

By the following lemma, any graded submodule and any homogeneous homomorphic image 
of a *minimax module is *minimax. 

Lemma 4.2. Let 0-^-X^-Y^-Z^-Obean exact sequence of graded R-modules and 
R-homomorphisms. Then Y is *minimax if and only if X and Z are *minimax. 

Proof. See [2j 2.1]. □ 

The following lemma is needed to prove most of the results in this section. 

Lemma 4.3. Let X be a graded *minimax R-module. If X is a-torsion, then for all j £ No, 
Tor^°(i? /bo, X) and H^ qR (X) are Artinian R-modules. 

Proof. There exists a finitely generated graded submodule Y of X, such that X/Y is Artinian. 
Now, the exact sequence — > Y — > X — > X/Y — >■ induces two long exact sequences 

► Torf'(i? /b ,r) Torf (iybo,*) ->• Torf (R /b , X/Y) -> Torf^/bo, Y) • ■ 
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and 

• • • -+ HiA Y ) -+ H U X ) -+ H U X / Y ) -+ H £iOO -+ ■ ■ ■ ■ 

As Y is a finitely generated a-torsion i?-module, it is easy to see that for all j G No, 
Torf°(R /b ,Y) and H J boR (Y) are Artinian i?-modules. Also, by H 2.2], H J boR (X/Y) and 

Tor^ (i?o/&o, X/Y) are Artinian. Now, the result follows from the above exact sequences. □ 
Notation and Remark 4.4. For any graded R-modules X and Y set 
t a (X,Y) := inf{i G Nq\HI(X,Y) is not *minimax} 

and 

s a (X,Y) := sup{z G N \H l a (X,Y) is not *minimax}. 

Since any Noetherian (or Artinian) graded module is *minimax, so f a (X,Y) < t a (X,Y), 
where f a (X,Y) := inf{z G No | H % a (M,N) is not finitely generated} is the finiteness dimen- 
sion of M and N with respect to a. 

Now, we prove a lemma which will be used to prove next proposition. 

Lemma 4.5. Using the above notations, the following statements hold. 

(i) t a (M,N/T boR (N)) = t a {M,N) and s a {M, N/T boR {N)) = s a (M,N); 

(ii) for any i G No, Ro/bo ® Ro H l a (M, N) is an Artinian R-module if and only if Ro/bo ® Ro 
Hi(M,N/T boR (N))is. 

Proof. The exact sequence — > T boR (N) — >• N — > N/T boR (N) — > induces the long exact 
sequence 

W a (M,T bQR (N)) Hl(M,N) A H l a (M, N/T boR (N)) -> H*\M, T boR (N)) 

of generalized local cohomology modules. As y/b + a = m + R + = m is the graded max- 
imal ideal of R, in view of [26, 2.2], H l a {M,T boR (N)) = H l m (M,T boR {N)) is Artinian for all 
i G No- Thus the above exact sequence implies that t a (M, N/T boR (N)) = t a (M,N) and 
s a (M, N/T boR (N)) = s a (M,N), which proves (i), and that ker(rj) and coker(r/) are Artinian 
a-torsion i?-modules. Now, consider exact sequences 

-> ker(r/) -> H* a (M, N) ->■ im(r?) ^ and ^ im(r/) ->■ H* a (M, N/T boR (N)) ->■ coker(^) -> 
to get the following exact sequences 

Ro/b ®/? kerfo) -» i^/bo ®/? #a( M > N ) -> ^o/bo ®i? imfo) ->• 

and 

Torf (i?o/bo, coker(r/)) -> i2 /b Q ®ji im(^) ->• Ro/bo^H^M, N/T boR (N)) ->• i? /bo®B coker(77) -> 0. 

By Lemma I4T51 all ended modules of these sequences are Artinian. So, Ro/bo<g> Ro H l a (M, N) is 
Artinian if and only if R /bo® Ro im(rj) is Artinian and this is, if and only if H l a (M, N/T boR (N)) 
is Artinian. □ 

Proposition 4.6. Let j < t a (M, N). Then Hi oR {H 3 a {M , N)) is Artinian fori = 0,1. 
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Proof. For all i < t := t a (M, N), the result is clear by lemma H~3l So, let i — t and consider 
the following spectral sequence 

:= Hi oR (Hi(M,N)) =f W m + \M,N). 
Note that E % 2 = for all i < and let r > 2. So, if % — 0, 1, then the sequence 

E% Ef d 4 ^ +r '*- r+1 

is exact. In view of lemma H~3l as a subquotient of E l 2 +r ' t ~ r+1 = Hl^ R (H^ r+1 (M, N)), 
£i+r,t-r+i j g Artinian. Now, let r > 2 be an integer such that E l r ' +1 = E l ' +2 = ■ ■ ■ = E^. 
Then, using the Artinianness of H^ l (M, N) and the fact that E % r ' +1 is a subquotient of 
if^ + '(M, AT), El'* +1 is Artinian. Thus, from the above exact sequence, it follows that £3* = 
H b R( Ht a( M i N Y) is Artinian. 

□ 

Now, using the above theorem, we can prove a stability result of the components of 
H R (M, N) n , when n -00. 

Theorem 4.7. Lei z < t R+ (M,N). Then, 

(i) there is a numerical polynomial P(x) G Q[x] of degree less than i, such that 
lengthy {T m {H R+ {M,N) n )) = P{n) for all n < 0, and 

(ii) there is a numerical polynomial P(x) G Q[x] of degree less than i, such that 
lengthy (0 --h^ (M,N) n ™o) = P( n ) f or al1 n < °- 

Proo/. (i) Let i < t R+ (M, N). Using^ T moR (H R+ (M, N)) is an Artinian P-module. So, by 
[T9] there exists a polynomial P(x) G Q[x] such that lengthy (T TOo (H R+ (M, N) n )) = P(n) 
for all ii < 0. It remains to show that deg(P(x)) < i. Note that on use of a standard 
reduction argument, replacing P with its faithful flat extension Po[X] mo pn, we can assume 
that the residue field Ro/xn is infinite. 

Also, in view of O^iii), H R+ (M,N) n ^ H R+ (M, N/T R+ (N)) n for all n < 0. Hence, 
we may replace N with N/T R+ (N) and assume that there exists x G R\ which is a non- 
zerodivisor on N. Now, consider the exact sequence -»■ iV(-l) 4iV-> iV/xiV ^ to get 
the long exact sequence 

H R - + \M, N) n -+ H R ~ + \M, N/xN) n h H R+ (M, A%-i 4 P^ + (M, N) n , 

of -Ro-modules. Which induces the exact sequence 

-> r mo (im(/ n )) r mo (-ffij + (M, AT) n _i) -> r mo (^ + (M,7V) n ), (1) 

for all n G Z and, also, shows that t R+ (M, N/xN) > t R+ (M, N) - 1 > i - 1. The fact that 
H l R ^(M, N) is a *minimax P-module implies H l R ^(M, N) n is an Artinian Po-module for all 
n C 0. So, there exists epimorphisms 

T mo {H' R -HM, N/xN) n ) r mo (im(/ n )) -)• for all n < 0. 
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This in conjunction with (1) shows that 

lengthy (r mo (^ + (M, iV) n _ 1 ))-length /?o (r mo (if] ?+ (M, N) n ) < lengthy (r mo (tf- 1 (M, N/xN) n )) 

for all n C 0. This allows to conclude by induction on i < t R+ (M, N). 

(ii) As a submodule of T moR (H R+ (M, N)), the -R-module : H i R (m,n) m o is Artinian for all 

i < t R+ (M, N). So, the polynomial P{x) G Q[x) exists again by [19]. Now, (i) yields that 
deg(P(x)) <i. □ 

In the rest of this section we are going to study the asymptotic behavior of H l a {M, N) for 
n — > — oo, when i > s a (M, N). 

Theorem 4.8. The R-module R /b <g> Ro H*(M, N) is Artinian for all i > s a (M, N). 

Proof. By Lemma [4.3[ the result is clear for all i > s a (M,N) =: s. So, it remains to show 
that -Ro/bo £8>r H^(M, N) is Artinian. To do this we use induction on d := dim(iV). 

If d = 0, then N is a-torsion. So, in view of 0[iii), for all i G N 0> Ro/b ® Ro H l a (M, N) = 
Ro/bo ®_r Ext^,(M, N) is an Artinian i?-module. Now, let d > and assume that the result 
has been proved for any finitely generated graded -R-module N' with dim (A/ 7 ) = d — 1. In 
view of lemma l4T5T ii). it suffices to consider the case where Vb it(N) = 0. Hence, there is 
an element x G bo which is a non-zero divisor on N. Now, consider the exact sequence 
— > N -4- iV — > N/ xN — > to get the following exact sequence 

-> H s a (M, N)/xH s a (M, N) -)• H s a (M, N/xN) -)• :^+i (A/>7V) ar -)• 0. 

Application of the functor Ro/bo ®r — to this sequence induces the exact sequence 

Tbrf(i2o/& ,0 : H s +HM , N) x) -> R /b ® Ro H s a (M, N)/xH s a (M, N) -)■ Po/bo^H^M, N/xN). 

As a submodule of H^ +1 (M, N), the module - H ^^ MN ) x is *minimax and a-torsion. So, 
the left term of the above sequence is Artinian, by lemma 14731 Also, since s a (M, N/xN) < s, 
the right term of this sequence is Artinian, by inductive hypothesis. Thus the middle term 
Ro/bo ®h H s a (M, N)/xHl(M, N) = Ro/b ® Ro H s a (M, N) is Artinian, too. □ 

The following corollary, which generalize [TOj, 2.8], is an immediate consequence of the 
above theorem. 

Corollary 4.9. For all i > s R+ {M,N) the R-module H R+ (M,N) is tame. 

Lemma 4.10. Let T R+ (N) = and s := s R+ (M, N). If m ^ Att R (i? /m ®Ro h r+( m , n ))> 
then there is an N -regular element x G R\ such that the multiplication map H R (M, N) A 
H S R+ (M, N) is surjective and that s R+ (M, N/xN) < s - 1. 

Proof. Replacing R with i? [A] mo [x], we can restrict ourselves to the case where the residue 
field -Ro/ m o is infinite. Also, in view of the previous proposition, the set of attached prime 
ideals of R /ra ® Ro H S R+ (M, N) is finite. Set 

n := (Att fl (i2o/tno g)*, H R+ (M,N)) U Ass R {N))\ Var(i? + ). 
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Then f2 is a finite set of graded prime ideals of R, non of which contains R + . Therefore, 
using [8, 1.5.12], there exists an element x G R\ such that x ^ UpgnP- Now, the long exact 
sequence 

H R+ (M,N)(-1) 4 H R+ (M,N) H R+ (M,N/xN) -> Hg(M,N) 

of graded -R-modules implies that H l R+ (M, N/xN) is *minimax for all i > s. So, it remains to 
show that H R+ (M, N/xN) is *minimax. For simplicity set H := H R (M,N). The fact that 
x ^ U p eAtt ii (_Ro/mo®_R H)P i m pli es that xH/vciqH = H/moH. Therefore, the multiplication 
map H 4 H is surjective and in view of the above exact sequence, H R+ (M, N/xN) is 
embedded in the *minimax .R-module H R + (M, N), and this completes the proof. □ 

Theorem 4.11. Let s := s R+ (M, N) . Then there is a numerical polynomial P(x) G Q[x] of 
degree less than s, such that lengthy (H R (M, N) n /m H R+ (M, N) n ) = P(n) for all n C 0. 

Proof. Since H R+ (M, N)/moH R+ (M, N) is Artinian, the numerical polynomial P(x) G Q[x] 
exists by [19]. It suffices to show that P(x) is of degree less than s. To this end, use the 
exact sequence — > T R+ (N) — > N — > N/T R+ (N) — > 0, in conjunction with I2.1( iii). to get 
the long exact sequence 

Ext^(M,rV(iV)) -> H R+ (M, N) -> H R+ (M,N/T R+ (N)) -> Ext^ +1 (M, rV(iV)). 

As Ext^(M, iV(iV)) is finitely generated for all i G N , it follows that s R+ (M, N/T R+ (N)) = 
s and that H s R+ {M,N) n = H S R+ (M, N/T R+ (N)) n for all n < 0. Therefore, it suffices to 
consider the case where r^ + (iV) = 0. 

Let H S R (M, AT) /m #|. (M,N) = S 1 -\ h S k be a minimal graded secondary represen- 
tation with pj = V0 :r Si for all j = 1, • • ■ , k. Assume that m = p^. So, S is concen- 
trated in finitely many degrees. Hence P(n) = lengthy (H R (M, N) n /m H R (M, N) n ) = 

lengthy (Sn + - ■ - + S k ) for all n < 0. This allows us to assume that m f. Att R { mH t ^ MN ^ )- 

Therefore, on use of previous lemma, there exists an iV-regular element x G R\ such that 
s R+ (M, N/xN) < s — 1. Also, the exact sequence 

H s R+ l (M, N/xN) n -> H S R+ (M, N) n ^ 4 H S R+ (M, N) n -»■ 

yields the exact sequence 

H R -\M,^) n H R+ (M, iV) n _i H R+ (M,N) n 

m H R - l (M,^) n ^ moH s R+ (M,N) n ^ ^ xnoH R+ (M,N) n ^ 

for all n C 0. This allows to conclude by induction on s. 

□ 
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